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Abstract Let g > 3 be a fixed positive integer, e,(n) denotes the largest exponent of 
power q which divides n. In this paper, we use the elementary method to study 
the properties of the sequence e,(n), and give some sharper asymptotic formulas 


for the mean value Se e*(n). 
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81. Introduction 


Let q > 3 be a fixed positive integer, eg(n) denotes the largest exponent of 
power q which divides n. It is obvious that e,(n) = m, if qn, and q*" fn. 
In problem 68 of [3], Professor RSmarandach asked us to study the properties 
of the sequence e,(n). About this problem, lv chuan in [2] had given the 
following result: 

If p is a prime, m > 0 is an integer 


erik 
SS e, (n) = E 5 ay(m)z + O (log! r) ? 


RSE 


where a,(m) is a computable number. 

The author had used the analytic method to consider the special case: p 
and p2 are two fixed distinct primes. That is, for any real number x > 1, we 
have the asymptotic formula 


xv 
2, eiml”) = jp + O (ait) , (1) 


where € is any fixed positive number. 
In this paper, we use the elementary method to improve the error term of 


(1), and give some sharper asymptotic formula for the mean value b> ef (n). 
N<x 
That is we shall prove the following: 
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Theorem 1. Let g > 3 be any fixed positive integer, then for any real 
number x > 1, we have the asymptotic formula 


es €q(n) = ral +O (log x). 


N<ax 


Theorem 2. /f q > 3 is any fixed positive integer, k > 2 is an integer, then 
we have the asymptotic formula 


yS ef (n) = 1" By(h)e +O (log**! r) ; 


NSE 


where B,(k) is given by the recursion formulas: By(0) = an 


By(k) = —— (($)By(k — 1) + §) Balk — 2) +--+ + 4) Bg(L) + By(0) +1). 


=a 


Taking g = p1p2 in Theorem 1, where 7, p2 are two fixed distinct primes, we 
may immediately obtain the following 


Corollary. For any real number x > 1, we have the asymptotic formula 


S> Cp: p2 (7) 


sf 


= — —4O(logz). 
pip2 —1 (log) 


§2. Proof of the theorems 


In this section, we shall complete the Theorems. 

Let M = [z], the greatest integer < x, S denotes the set of {1,2,3,---, WM}. 
We distribute the integers of S into disjoint sets as follows. For each integer 
m > 0, let 

A(m) ={n|  e(n) =m,1<n< M}. 


That is, A(m) contains those elements of S which satisfies: q’’|n, but 
grr t n. 
Therefore if f(m) denotes the number of integers in A(m), we have 


So we have 
ean) = So eg(n) = 5 flr 
n<2 n<M m=0 
= (| lpn) ee 


A number theoretic function and its mean value : 


= » —+0] SY 1/4+0] YS — 


m=1 q < log M 


— logg 


= =O 
y Sr0(y 5 
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m> ea 8 
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log g 
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= —~_4O(log2). 
q-1 
This completes the proof of Theorem1. 
OS gk 
Before proving Theorem 2, we consider the series B,(k) = S- om it is 
m=1 

easy to show that 

sea | 1 
B (0) = ye 7 = 721’ and B,(k) satisfies the recursion formula 


m=1 


Balk) = — ((f) Bal — 1) + E)By( 2) +--+ (4) Bu(1) + Be(0) +1). 


Now we complete the proof of theorem2, with the same method as above, 
we have 


ee) 
> eb(n) = SS ek(n) = So m* fom) 
N<x n<M m=0 
© [MM M 
7 ae qm i- grt 
m=1 
= M M Mm* 
_ k \ k 
~~ » ay ( m =) tO > m +O » m 
ar re: m< eM m>tem 4 


— logq log q 


1 oe) M (eM 4 uk 
fe + O(log**+! M +0 - Og q 
qd Xu q™® ( ) a e] a qu 
—1)M 
a} ACE = B,(k) + O(log**! M) 
log AN PS The flog Ro Panes Ti 
+0 ( ) ! ( ) pet — 
(ey ee) re MD? 
(q-1)M 


= Balk) + O(log*** M) 
gal k+1 
= +—_B,(k)x+O (log**'z). 
, q(k) ( ) 


This completes the proof of Theorem2. 
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